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UNIT 1

Getting to know your unit

To make an effective contribution to the design and development of

Assssmat engineered products and systems, you must be able to draw on the

This unitis extenally principles laid down by the pioneers of engineering scien ce. The
assesedisinganunsen theories developed by the likes of Newton and Ohm are at the heart of
paper-basedexaminaion U7 1 whpOUOWEEUUDI E wskiled engireenibgverkféree.U wO U OU B
tha is markedby This unit covers a range of both mechanical and electrical principles and

Peason. some of the necessary mathematicshat underpins their application to

solve a range of engineering problems.

How you will be assessed

This unit is externally assessed by an unseen phased examination. The examination is set and marked by Pearson.
Throughout this unit you will find pcéice activities that will help you to prepare for the examination. At the end of the
unit you will also find help and advice on how to prepare for and approach the examination. The examination must be
taken under examination conditions, so it is importémat you are fully prepared and familiar with the application of

the principles covered in the uniYouwill also need to learn key formulae and be confident in carrying out calculations
accurately. A scientific calculator and knowledge of how toiusBectively will beessential.

The examination will bewo hours long and will contain a number of shahd longanswer questions. Assessment
will focus on applying appropriate principles and techniques to solving problems. Questions may be focaised on
particular area of study or require the combined use of principles from across the unitfgkmation Booklet of
Formulae and Constantsll be available during thexamination.

This table contains the skills that the examination will be designedsess.

Assessment objectives

AOL1 | Recall basic engineering principles and mathematical methods and formulae

AO2 | Perform mathematical procedures to solve engineering problems

AO3 | Demonstrate an understanding of electrical, electronic and mechanicaliplésdo solve engineering problems

AO4 | Analyse information and systems to solve engineering problems

AOS5 | Integrate and apply electrical, electronic and mechanical principles to develop an engineering solution

This table contains the areas of essentiahtent that learners must be familiar with prior to assessment.

Essential content
Al | Algebraic methods

A2 | Trigonometric methods

B1 | Static engineering systems

B2 | Loaded components

C1 | Dynamic engineering systems

D1 | Fluid systems

D2 | Thermodynamic sysms

E1 | Static and direct current electricity

E2 | Direct current circuit theory

E3 | Direct current networks

F1 | Magnetism

G1 | Singlephase alternating current theory
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Getting started

To get started, have a quick look through each topic in this unit

and then in small groups discuss why you think these areas are
considered important enough to be studied by everyone taking a
BTEC National Engineering course. Pick one or more topics and
discuss how they might be relevant to a produ ct, activity or industry

you are familiar with.

Algebraic and trigonometric mathematical methods

Engineers have to be confident that the solutions they
devise to address practical problems are based on sound
scientific principles. In order to doif), they often have to
solve complex mathematical problems, so they must be
comfortable and competent when working with algebra
andtrigonometry.

Al Algebraic methods

Algebra allows relationships between variables to be
expressed in mathematical shorthdmotation that can be
manipulated to solve problems. In this part of the unit, we
will consider algebraiexpressionsnvolving indices and
logarithms.

Indices
Even if you do not yet recognise the term, you will
already be familiar with the use of indicescommon
mathematical expressions. Ferample:
Zo P o Aa
mathematical notation usingndices.

P p P p Aa 20KSN¥Ras
mathematical notation usingndices.

Zp

The two parts of the notation used to describe indices are
called the lase and the index. For example:

Z In the expression@he baseis 3 and thendexis 2.
Often in engineering mathematics we have to consider
situations where we do not yet know values for the

numbers involved. We use algebra to represent unknown
numbers vith letters or symbols. When applied to indices:

Zaxa=a? whereais the base and 2 is the index.
Z b xbxb=Db3, whereb is the base and 3 is the index.

Where the index is also unknown, it can be represented by
a letteraswell, forexample:

Z a", whereais the base and is the index.

Z b™ whereb is the base andis the index.

20KSNBAAS 12¥i2zoy & WIKNBS

lyzey

The laws of indices
Z When dealing witrequationsthat contain terms

involving indices, there is a set of basic rules that you
can apply to simplify and help solve theThese are the

laws of indices. They are summarised ablel.1.

Z Table 1.1The laws of indices

Operation Rule

Multiplication amxan=am+n

am

Division £ _=ambn
an
Powers (@mn=agmxn
Reciprocals 1 abn
p -

Index =0 a’=1

—1 1 _
Index =or 05 a,=a3

a'="a .
alidt NERQ 2NJ o
Index = 1 al=a
a4 WFAQPS OdzoSRQ 2NJ p

Key terms '

[Expression; a mathematical statement sudsa?+ 3 or\
3abt. Expressions can easily be recognised because t
do not contain an equalsign.

Base¢ the term that is raised to an index, power @
exponent. For example, in the expressifithe base is 4.

Indexc the term to which the base is raised. For
examplejn the expressiod3the index is 3. The index
may also be called the power or exponent. The plural
WAYRSEQ A& WAYRAOS&aQ®
Equationg used to equate two expressions that have
equal value, such a8+ 3=190otb 1 =3+ 12.
Equations can easily beaognised because they always

hey

_contain an equals sign. y




Z When using common logarithms, there is no need to
Worked Example include the base 10 in the notation, so whe¥e= 10,
you can write simply lobl =x.
You can use the laws of indices to simplify

. S This corresponds to the log function on your calculator.
expressions containing indices.

W a2atalabl32=g2+4m b =g Natural logarithms
0 (a@)3abl = (a05)3abl = al5abl = g P 0.5 In a similar way, when dealing withtn@al logarithms
- with base e:
orva

aba * ZWhereN = eX, then log N =x.
w === =al®b’d th=avPrhkl Mgyl

b Z Natural logarithms with base e are so important in
or bva mathematics that they have their own special notation,
- where log Nis written as InN. So whereN = eX, then
« apat : =ablh g BBRM bl +0.5)b1+2 = gh0.5) INN=x.
b2
orgb This correspondsotthe In function on your calculator.

va

aa The laws of logarithms
W al:3(bE>2)2a3.5: aB3 + 3.%54 = a0.5bb4 or

h4 There are a number of standard rules that can be used

to simplify and solve equations involving logarithms.
These are the laws of logarithms. They are summarised

Logarithms in Table 1.2

Logarithms are very closely related to indices.
Z Table 1.ZThe aws of logarithms

Thelogarithm of a number(N) is the powe (x) to which a

given basda) must be raised to give thatumber. Operation Common logarithms Natural logarithms
Z Ingeneral terms, wherBl =aX, then logs N = x. Multiplication | logAB=logA+logB | InAB=InA+ InB

In engineering, we encounter maingommon Division |ogA: logAL log B n2= InAbLINnB
logarithms, which use bas#&0,and natural logarithms B B

which use base. Powers logA'=nlogA INA"=ninA
TheEuler numbefe)is a mathematicalkconstant that Logarithm of 0 log O = not defined In 0 = not defined

approximatego 2.718.Youwill comeacrosghis againlater in

. . . . ; Logarithm of 1 log 1 =0 In1=0
the sectiondealingwith naturalexponentiafunctions.

Common logarithms
Common logarithms are logarithms with base 10.

ZWhereN = 10%, then logoN=x.

. Use your calculator to practise finding the common and natural logarithms of
PAUSEPOIN . i )
a range of values. Be sure to include whole numbers and decimal fractions les
than 1.

What happens when you try to find the logarithm of 0 or a negative number us
your calculator?

From the relationship between logarithms and indices you know that if log, 0
then 0 = 18 What value musk take if 10= 0?

Take afewmoment2t G KAyl | o62dzi é6Keé 23 n |
produce an error on your calculator.
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Worked Examples

1 Use the laws of logarithms to solve the equatio
log 14 "9 log %+ 3)
solution
log 14 w0 £ |og &+3)
0 MmX) Ibg 14 =X+ 3) log 9
log14 - xlog14 = xlog9 + 3log9
log14 - 3log9 = xlog9 + xlog 14
log14 - 3log9 = x(log9 + log 14)
_log14-3log9

X= log 9 +log 14
to 3significantiigures(s.f.))

=1£0.817(rounded

Always check your solution by substituting the
unrounded value of the solution back into the
original equation:
log 18 )£ |og 14m b O E=2Pg (t6 Bbs.f)
log 9x*3)=log 9 b " ®y Bx 208 (to 3 s.f.)
2 Use the laws of logarithms to solve the equatior
na=2 In1t—2+ 2
solution
In3=2 In1—2+ 2
IN3+Int=2(In12¢ Int) +2
INn3+Int=2In12¢ 2Int +2
3Int=2In1xIn3+2

nt=t—t M by by

You can now use thgeneral relationship that
where INnN=x, thenN = €
In this case, Ih=M @ ¢ Bat X & ®PPWhich you car
use your calculator to evaluate.

t=7.08 (to 3s.f.)
Always check your solution by substituting the
unrounded value of the solution backtinthe
original equation:
Nl fy umdHopX I odnapec
2|n172+2:2|m|¢c hpX I u P

= 3.056 (to &.f.

QO PAuUsEPOIN
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Exponential growth andlecay
Exponential functions wheneandy are variables antll is
a constant take the general forgn= N*.

Some common systems found in émgering and in
nature ¢ such as charging capacitors, radioactive decay
and light penetration in oceanscan be defined by
exponential functions.

Several important growth and decay processes in
engineering are defined by a special type of exponential
function that uses the Euler number (e) as its basp (

This is known as the natural exponential function and
takes the basic form = e

If you plot the functiory = e‘as a graph (seEigure 1.},
then the curve it describes has two special characteristics
that other exponential functions do not have.

Z At any point on the curve the slope or gradient of the
graph is equal toe

Z Atx= 0 (where the curve intersects tlyeaxis) the graph
has a slope or gradient of exactly 1.

YA
6

N Wb U,

1
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Z Figure 1.1Graph of the natural exponential functign= ex
Examples of egineering formulae containing natural
exponential functions are shown Trable 1.3for charging/
discharging a capacitor.

Z Table 1.3Example engineering formulae containing natural
exponential functions

Description Formula
V=Ved m B9 &
Capacitor discharge voltage | V=V, e:/RrC

Capacitor charge voltage

Key term

Tangentc a straight line with a slope equal to that of a
curve at the point where they tath.

Examine the characteristics of exponential functions by plotting a graph- & for
values ofx between 1 and 10.

Tabulate values ofandy. Ensure that your axes are of appropriate size and scale

The gradient of théangentat any point on the curve reflects the rate of change in
with respect tox at that point. What happens to this rate of changexascreases?

idiound Bunesuibug



Examine the characteristics of the natural exponential function by plotting a gr:
m PAUEPOINT of y = e‘for values ofk between 1 and 10.

The gradient of the tangent at any point on the curve reflects the rate of chanc
y with respect tox at that point. Use your graph to demonstrate that for ethe
tangent at any point has gradient.e

Problems involving exponential growth and decay

solution
Worked Example — Exponential Substitute the given values into the formula,
growth remembering to onvert all values into appropriate
units.

When a capacitor with capacitanc
Cis charged through a resistance
Rtowards a final potentiaMVo,

C=47UF =47 x 10°5F
R=30kQ=30x103Q

the equation giving the voltagé Vo=4V
across the capacitor at any tinte V=35V
isV=Voo me'B9. Rearranging the formulsl = Voe*/R%o maket the
Given the value€= 100uF, subject:
R=10kQand Vo=3V, , e-tre =Y
calculateVwhent = 3 s £ A 100uF @pacitor Vo

t_ Vv
solution "RC In Vo
Substitute the given values into the fouta, v
remembering to convert all values into appropria’ t=-RC '”VO
units.

Substituting in the values gives:

tr bxdPRA7X109]In22 =11.41x b O m
=0.1885(to 35.1.)

C=100 UF = 100 x 10°5F
R=10kQ=10x 103Q

Vo=3V
t=3s
Substituting these values indé=\Voo M B9 giSes
VI od¥% b S Linear equations and straigHine graphs
Sov=3(1cn dnn Xy ' HdPyp =+ In engineering, many simple systems beé in a linear

fashion.Table 1.4shows some examples. When plotted
graphically, linear relationships are characterised by a
straight line with a constant gradient.

Worked Example— Exponential decay

Z Table 1.4Examples of engineering formulae describing linear

. . . relationships
When a capacitor with capacitanct

Cis discharged through a resistan:

oI ) Description Formula
Rfrom an initial potentiaM, the
voltageV across the apacitor at Standard general form y=mx+c
any timet is given bythe hKYQa I g V=IR
equationV = \oeht/RC
. Gravitational potential ener PE=mgh
Given the value€= 47uF, P o 9
R=30kQand V=4V, Electrical power P=1V
calculate the time at which Z A 4TpF capacitor o RA
Resistivity } ===
V=35V. I
Linear motion v=u+at
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Linear equations

Linear equations contain unknowns that are raised to their
first power only, such asraised to its first power ox!

(which is usually written simply a%. Linear equations take
the general formy =mx+c.

Linear equations containing a single unknown quantity can
be solved by rearranging to make the unknogurantity

the subjectof the equation.

Worked Example— Rearranging a
linear equation

Rearrange ¥+ 3 = 12 to makg the subject of the
equation.

solution
4xI'  MH b Subtradt 3ram both sides of the
equation.
X=% Divide both sides of the equatio

by 4.

If the sameunknownquantity occursmorethanoncein a
linearequation,thenallthe termscontainingthe unknown
quantity need to be isolated on one side of the equation
with all the other terms orthe other side. This is called
Y3l GKSNBENHaADD] S

Worked Example—Gatheringlike
terms in a linear equation

Rearrange®b ¢ [ btawmakeb thersubject of

the equation.

solution
. Add 2b and subtract 6 on both
Ob+DI MT gides of the equation.
11b=8 Combine like terms.
b =% Divide both sides of the equatio

by 11.

straight-line graphs
Graphs in mathematics usually use a horizortakis and
a verticaly-axis (knowras Cartesiaraxes).

Alinearequationwith two unknownscanberepresented
graphicallyby a straightline asshownin Figurel.2.

In the geneal formula used to describe a linear equation,
y=mx+c, mis the gradient of the line andis the value of
ywhere the line intercepts thg-axis (whemnx = 0).

Learning aim A UNIT :

YA
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Z Figure 1.2The graphical representation of a linear equation is
a straightline

Thegradientof a linear equation can be:

Z positive¢ the y values increase linearly as tkealues
increase (thdine slopes up from left to right)

Z negativeq the y values decrease linearly as thealues
increase (the line slopes down from left to right)

Z zeroc the y values stay the same as tRevalues increase
(the line is parallel to the-axis).

Key terms I

fsubjectof an equatiorg a single term beomes the )

subject of an equation when it is isolated on one side ¢
the equation with all the other terms on the other side.
For example, in the equation= 4x + 3, they term is the
subject.

Gradientcl f a2 OF ff SR Waf 2LISQ3
line is. tis calculated by picking two points on the line
and dividing the change in height by the change in

change iry value

horizontal distance, Ohanae in value
- & -

solving pairs of simultaneous linear equations
Sometimes in engineering it is necegsr solve systems
that involve pairs of independent equations that shan®
unknown quantities. There are several examples of this in
the assessment activity practice questions at the end of
this section.

When you solve simultaneous equations, you are
determining values for the unknowns that satisfy both
equations. This is easiest to see by considering two
independent linear equations xandy that are plotted
graphically on the same axes (d&gure 1.3. The only
position where the same values »éndy satisfy both
equations is where the lines intersect. You can read these
values from thex-axis and the-axis. In this example, the

idiound Bunesuibug



solution isx= 2 andy = 4.
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Figure 1.3The solution of the simultaneous linear equatioys
=x+2and 2I' x+ 10 is given by the intersection point of the
two lines

Of course you could always plot graphs of the linear
equations when solving simultaneous equations, but this
is a timeconsuming approach and less accurate than the
alternative algebraianethods.

The two main algebraic methodssubstitution and
elimination ¢ are best explained by working through
examples.

Worked Example — Substitution
method

Solve this pair of simultaneous equations:
y=x+2 @)
2y=bx+10 2

solution
Substitute equation (1) into equation (2) to ¢
2xb  H®+1D. b
So2x+4=-x+10  Multiply out the brackets
2x+x=10c 4 Collect like terms.
3x=6
X=2 Divide both sides by3.

Now substitutex = 2 into equation (1) in order to
findy:y=2+2=4,
Tocheck your solution, substitute= 2 into
equation(2)and see if you get the same value for
2y=-2+10=8
y=4

Learning aim A UNIT :

Worked Example— Elimination
method

Solve the same pair of simultaneous equations as
before:

y=x+2 (@)
2y=bx +10 )

solution
Multiply equation (1) by 2 so that thgterms in
both equations become the same:

2y=2x+4 (3)
Subtract equation (2) from equation (3) to eliminatt
the identical terms iry:
(2x+4)b o+ 10)=0
3x¢6=0
3Xx=6
X=2

As before, substitute = 2 into equation (1) to find
y =4, and then check your solution in equation (2).

Coordinates on Cartesian grid

Any point on a plotted linear equation can be expressed
by itscoordinates(x, y).

In the example shown iRigure 1.3the two lines cross at
the point wherex = 2 andy = 4. Its coordinates are (2, 4).

Any point on thex-axis has g-coordinate of zero. For
example, the point (4, 0) lies on thxeaxis.

Similarly anypoint onthe y-axishasanx-coordinateof
zero,sothe point (0, 4) lieson the y-axis.

Thepoint(0,0),whereboth x-andy-coordinatesarezero,
is called theorigin and is represented B@Q ®

Quadratic equations

Quadratic equations contain unknowns that are raise
their second power, suchsx?. They take thegeneral

form y =ax2+ bx + c. In this equatiorx andy are unknown
variables, and coefficient, b and c are constants that will
be discussed later.

A quadratic equation witlwo unknowns can be
represeried graphicallybyacurve. Anexampleisshown
in Figurel.4.
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. Show the efficiency of using an analyticapegach by solving the simultaneous
PAUSEPOIN o . :
equations in the above worked examples with the graphical method.

Tabulate values ofandy for each equation. Ensure that the scales of yaxes are
appropriate.

Compare and evaluate the use of graphical and analytical methods in solving
simultaneous equations. Are there any situations where a graphical approach n
be preferred?

yA
30 Worked Example — Multiplying an
25 expression by asymboloranother
20 expression
15 Multiply out the brackets term by term, then collect
10 like terms:
5 W 2X(3xb 2)= 62 4x
» W X+1DKb2)=x2b2x+xb 2 =x2bxb 2
26 25 24235}21%;_—1/2 3 4 5 6 X 0 (X+2)(Xb2)=3@b2x+ &b 4 = 3¢+ &b 4.
210
Factorisation
Z Figure 1.4Graph of the quadratic equation=x2+ 2 ¢ 3 You can think of factorisation as the opposite of
multiplying out, although it is generally somewhat more
Youwill often have to solve quadratic equations in difficult. Factorising can be done in several ways, using
engineering problems. This can be ddnearranging the some or all of the following techniques.

equation in the general form for quadratics and finding the
two values ofx for whichy = 0. These are called theots

of the equation and are shown on the graahthe points
where the line intersects thg-axis.

Z Extracting commorfactors
Common factors are terms by which some opalits
of an expression can be divided. These can be extracted

asfollows:
Twoalgebraianethodsof solvinggquadraticequations w ax+ay=a(x+y) whereais the commonfactor
arefactorisationand using thequadratic formula. 0 2X+ 4= 26 +2y) where 2 is the commorfactor

Before you consider factorising, it is a good idea to remind
yourself how to multiply an expression by a number orby a
symbol or more complicatedxpression.

w a(x+ 2) th(x+ 2)=x+2@+b) where k+ 2)isthe
common factor.

Z Grouping
When two variablex andy are present in the same
Worked Example — Multiplying an expression, they must be grouped together before
expression by a number factorising. For example:
. _ 32+ 188+ &+ 9Y2= 1872+ 92+ 32¢ + &
Multiply each term of the expression by th 5
number: =Yy + 1)+ 8+ 1)
w 4(Xb2)=1XbL8 Sometimes this might mean that you have taltiply

out the expression first. For example:

427 bx2) +y(Y? +7) = § b A +y3 +T7y
=Y+ B2+ Tyb 4K
=y(y2+8b T b

®5%6 w2110,
37 )73

idioung Bunssuibug
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The second example can be factorised further by using the Finding the terms to put in the brackets is then often a

methods for facdrising quadratics described in the next
section.

solving quadratic equations using factorisation

Let us take an example of a quadratic equation that you
might need to solve as part of an engineering problem:

X+ 8=%+x

Z First, rearrange the equan (if necessary) to make one

side of the equation zero.
0=5%+x2¢3xC8 Move all the terms to one sidef
the equation.

0=x2+2xbL 8 Arrange into the standardorm

for quadratic equations.

Z The next step is to factorise the righind side oftis
equation.

Key term

Coefficient¢ a number or symbol that multiplies a
variable. For example, in the expression 3 is the
coefficientof the variablex.

To do this, you need to find two expressions that when
multiplied together give+ 2t 8. This looks difficult, but
there are a few general guidelines that will help:

Z If the coefficientof the x2term () is 1, then the
coefficient of each of th& terms in the factors will also
be 1.

When the number terms in the two factors are
multiplied together, the product must equal threumber
term (c) in the quadratiexpression.

N

Z If the coefficient of thecterm (@) is 1, then the
coefficient of thexterm (b) in the quadratic expression
is equal to the sum of the number terms in the two
factors.

Applyingtheseguidelinesto x2 + 2x b 8, you know that:
Z the coefficients of thexterms in the factors will bel

Z the product of the number terms in the factors will be
b8

Z the sum of the number terms in the factors will be 2.

Engineering Principls

caseof trying different values until you identify those that
meet the requiredcriteria:

X2+ Xb8=kb2)x+ 4)
Z Equate each of the factors to zero to obtain the roots of
the equation.
Xxb2)=0,sx=2
x+4)=0,sal bn
Z Check that each root satisfies the original equation by
substitution.
3X+8=%+x?

Whenx=bnY bMH b y [ bHAa b
or b n b4l
Whenx=2:6+8=10+4

or 14 =14

Z Check to ensure that each solution is reasonable in the
context of the question and clearly state the solution.

There are two values offor which the quadratic equation
3x+ 8 = 5+x2is true. These arg=2 anck' b n ®

See the worked example on page 11.

Some examples of engineering formulae describing
quadratic relationships are givenTrable 1.5

Z Table 1.5examples of engineering formulae describing
quadratic relationships

Description Formula

Standard general form aX+bx+c=0

Displacement s=ut +1at?
2

Total surface area of a cylinder, A= 20r2+ 2rh

solving quadratic equations using the quadratic
formula

Sometimes it is difficult to use factorisation to finceth
roots of a quadratic equation. In suchsesyou can use
an alternativemethod.

The formula for the roots of a quadratic equation arranged
in the standard fornis:
- bb+ab?t 4ac
2a

M C
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Worked Example

A train runs alag a level track with a velocity of 5 fi.s
The driver presses the accelerator, causing the train to
increase speed by 2 f2sThe motion of the

train is defined by the equatios=ut +l;1t2

where:sis displacement (the distance travelled) (m)
uis hitial velocity (m &)
tis time (s)
ais acceleration (m®3).

idiound Bunesuibug

Calculate the time the train takes to travel a distance
of 6 m.

Z Train running along a track

solution

Rearrange the equation into the general form for a quadratic, making one sidd &xgero:

Jat?+utbs=0
Substitute the values = 5,s= 6 anda = 2 into the equation:

22 +8b6=0

t2+5b6=0

The lefthand side can be factorised by inspection to give )¢t 1) = 0.
This equation is true when either of thectars is equal to zero, 9d° b €= 12 NJ
It is important to check these solutions by substituting back into the original quadratic equation given in the
question:s=ut +1at?= & +12,
You will find that when = 1,s= 6 and when st 6

This confirms that the solutions determined by finding the roots of the quadratic equation are mathematically
correct, because they both give the distance required in the question.

However, you must now consider whether both solutions actually fit the practituation in the real world.

Inthiscasetl’ b c R2 S &y @sh sotutioh, Becausty & S i
would mean that the train reached the required distance y
6 seconds before it started accelerating. 70
The roots can be seen more clearly when illustrated graphically, 60
as inFigure 1.5 50
Finally, you should clelg state the solution to the problem: 40
The time taken for the train to travel a distance of 6 mis 1 s. 23

10
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Z Figure 1.5Graph showing roots of the quadratic
expressiort2+ 3 L6 attI' b ct=Ly R

11



Worked Example

A ball is thrown vertically upwards with an initial velocity of 165 Ehe height reached by the ball is given by the
equationh =ut b igt?
where:h is the vertical height (m)
uis the initial vertical velocity (nty
tis time (s)
gis the gravitational field strength (9.81 r)s
Calculate the values ¢ofat which the height of the ball is 6 m above the point where it was released.

solution
Rearrange the equation into the geriform for a quadratic equation, making one side equal to zero:
Jot?but+h=0
Substitute the values = 16,h = 6 andg = 9.81 into the equation:
2 x9.8125 16t + 6 =0
4.9083%°L16t+6=0
It would be really difficult to find the roots of thiequation by factorisation, so use the
bbtéab’s4dac—
2a .
By comparing the formula with the standard foa® + bx +c, you can see that
a=4.905pI bar6 =

_bb16)+4(L1625 @ x 4. 905 x)6

- 2x4.905
_16+8Hpc E MMT @® TH
N 9.81

_16+11.76

~ 9.81

=0.432 or 2.83

general formula for solving quadratios=

Sot

It is important to check these solutions by substituting back into the original quadratic equation given in the
question:h =ut b igt?= 16 ¢ 4.9082.

You will find that when I’ n @ i o GiadEwhen ' 1 dhy=dXBE careful to use the unrounded values when you
do the checks.

This confirms that the solutions determined by finding the roots of

the quadratic equation are correct because they both give the ha

required heightstated in the question.

The next thing to do is consider whether these solutions actually 15
fit the practical situation for which they were generated. In this case, it
makes sense thads the ball moves up it will pass the height of 6 m.
Gravity will slow tis ascent until the ball actually stops momentarily
before it falls back towards the ground. On its way dowmilk

pass the height of 6 m once again.

-h56

——————-e

This can be seen more clearly when illustrated graphically, as in
Figure 1.6

Finally, you should clearktate the solution to the problem: O t50.432 t52.83 4t

The values df at which the height of the ball is 6 m above the Z Figure 1.6Graph ofh = 1@ ¢ 4.9082,
point where it was released are 0.432 s and 2.83 s. showing when it reaches the height of 6 m

12 Engineering Principli
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Considerhow elseyou might solve problemsthat involve quadraticequations.

Suppose that you want to solve the quadratic equatjenx?+ 4x + 6 to find values
of xwheny = 1. Thiswould meanfinding the roots of the quadraticexpression
X2+ 4x+ 5. Can you solve this? Draw a graph of the fungtior?+ 4x + 5 to help

explain why not.

A2 Trigonometric methods
Angular measurement

Youare already familiar with angular measurements made
in degrees In practical terms, this the most common

way to define an angle on an engineering drawing that a
technician might use when manufacturing a component in
the workshop.

However, there is another unit of angular measurement,
called theradian, which is used extensively in engénimg
calculations.

Key terms ’

(Degree(symbol: °, one degree is th,of a complée
circle. A complete circle contairs0°.

~

Radian(symbol:rador €) ¢ one radian is the angle
subtendedat the centre of a cale bytwo radii of
lengthr that describe an arc of the same lengtbn the
circumference. A complete circle contai?id rad.

subtend¢ to form an angle between two lines at the
\point where they meet.

J

Circular measurement
One revolution of a full circleoatains 360° or @ radians.

It is reasonably straightforward to convert angles stated in
degrees to radians and vice versa.

Given that?2Uradians = 360°

. 360 °
1 radian = U

457.3° (to 3s.f.)

d 10 —ZLTJ o
and 1" =" 30.0175ad(to3s.f.)
360

The use of radians makes it straightforward to calculate
some basic elements of circles with the general formulae
shown inTable 1.6 where the agledis measured in
radians.

Discuss with a colleague or as a group why methods of finding the roots of quad
equations are important and useful mathematical tools for engineers.

Learning aim A UNIT :

idiound Bunesuibug

Z Table 1.6General formulae for circular measurements (see

Figure 1.7

Arc length =rd

Circumference of a circle | =r(2U) = 2o

Area of a sector :lzr 2d

Area of a full circle =ir 2(20) =Ur2

arclength

sector of
a circle

Z Figure 17 Arc length and sector of a circle

Triangular measurement

In rightangled triangles we name the three sides in
relationto the rightangleandone of the othertwo angles,
d (seeFigurel.8).

H
Opp yp

0

Adj
Z Figure 1.8Trigonometric haming conventions for a right
angled triangle

Z The side opposite the right angle is thgpotenuse
(hyp).
Z The side next to the angtéis theadjacent(adj) side.

Z The side opposite the angtéis theopposite (opp) side.
The ratios of the lengths of these sides are given specific

names and are widely used in engineering (Begires 1.6
1.10:

Z sine(sin), where
opp
sinde, ——
hyp

13
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Z cosine(cos), where

adj
cosd =
hyp

Z tangent (tan),where
opp
d-_
tan adj
From these definitions it can also be deduced that
tan g =Sind
osd

Graphs of the trigonometric functions
YA

1.0
0.5 /\
0 >
90° 18Q° 270° 36
20.5 0.5m = 1.5m 2/t rad
21.0

Z Figure 1.9Graph ofy = sind

YA

1.0
0.5 \
0

90¢ 180° 270° 360%
.51 2 rad

20.5 0.51t b

Z Figure 1.10Graph ofy = cosd
YA

80
60
40
20
0
220
240
260
280

Z Figure 1.11Graph ofy = tand

Engineering Principls

When plotted graphically, both the sine and the cosine
functions generatgeriodic waveforms. Both functions
vary betweera maximum of 1 and a minimum bf and

so are said to have amplitude of 1. Both functions
have aperiod of 360° or2U radians, after which the cycle
repeats.

The tangent function does not generate aaoth
waveform, although the graph is still periodic with a period
of 180° orU radians.

Some values for the trigonometric ratios are given in
Table 1.7

Z Table 1.Values of the trigonometric ratios for angles
between 0° and 360°

de drad sind cosd tand
0 0 0 1 0
30 0.52 0.50 0.87 0.58
60 1.05 0.87 0.50 1.73
90 1.57 1.00 0 +
120 2.09 0.87 £0.50 51.73
150 2.62 0.50 £0.87 £0.58
180 U 0 £1.00 0
210 3.67 £0.50 £0.87 0.58
240 4.19 £0.87 £0.50 1.73
270 4.71 £1.00 0 K
300 5.24 £0.87 0.50 b1.73
330 5.76 £0.50 0.87 £0.58
360 20 0 1.00 0

sine and cosine rules

The basic definitions of the trigonometric functions sine,
cosine and tangent only apply to rigahgled triangles.
However, the sine and cosine rules can be applied to any
triangle of theform shown inFigure 1.12

Z The sine rule:

sinA sinB sinC
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m PAUSEPOIN" ﬁ:qt;zgl;that you can set up and use a scientific calculator in both degree and re

Look for the setip screen on your calculator and select Rad. You will find that th
(for degrees) usually displayed at the top of the screen changes to R (for radian:

Before carrying out any work involving trigopnometry, you should check that yo
using the appropriate setting on your calculator. Use some simple examples tc
what midht happen if you get it wrong.

15
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Z Figure 1.12Naming conventions when applying the sine rule and the cosine rule

idiound Bunesuibug

Z The cosine e can take three different forms depending on the missing value to be
determined:

a2=b2+ 2L 2bc cosA
b2=a%+ c2¢ 2accosB

c2=a2+h2¢ 2abcosC /K
Vectors and their applications
Many quantities encountered in engineering, swadforce and elocity, are only fully B\

described when magnitude, direction and sense are known F&gpere1.13. Such
guantities are calledectors When adding or subtracting vectors you must always
take into account the direction in which thect.

Z Figure 1.13A vector has
magnitude, direction and sense

Diagrammatic repreentation of vectors Link

U

Z The length of the arrow represents the magnitude of the vector.

- . . Graphical and analytical
Z The anglef specifies the direction of the vector.

techniques for vector

Z The head of the arrow specifies the positive sense of the vector. addition are discussed further

in the section B1 static
engineering systems.

Q g g sy

Vector addition

Tofind the sum(or resultant)of two vectorsvi andvz, youcanrepresentthe situation
graphicallyby drawinga vectordiagram.In Figurel.14the two vectorsaredrawn
to scale, forming a triangle or parallelogram from which the characteristics of the a)

resultant vector (v) can be measured. Vv \%s
1
Phasors )
Phasorsare rotating vectors that are useful in analysing sinusoidal {Slivaged) Vo ) 24
waveforms.Figure 1.15hows the relationship between a phasor and the sine wave it
represents. b)
Vector rotation =
A’ N?P R a Vi
90°
\ o5AnE A Y10y
A3p°
X | Z Figure 1.14/ector additon
180° .t o 0° can be done using a) the
360°[" 3p° 90° 27 © parallelogram rule or b) the
Tt triangle rule
270° 2Am
Rotating phasor Sinusoidal waveform in the time domain

Z Figure 1.1%How the rotating phasor relates to the sinusoidal waveform

When using phasors in the analysis of aitging current, the length of the phasor
15



represents the peak voltag®) or amplitude of the sinusoidal waveform, and the
phasorrotates about a point of origin with an angularvelocity of ¥.
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At any fixed instant in time), the phasor will have a phase angi &nd its vertical
component will be equal to the instantaneousltage {) on the corresponding sine
wave.

So the instantaneous voltage) @t any point on the waveform is
v=Vsind
In terms of angular velocity, this gives
v=Vsinfst)
This relationship is true when the waveform begins its cycle vitve@. Howeverit is

common to have a waveform that is said to lead or lag the standard waveform. This
A ‘ﬁS phase differencgseeFigure 1.1§is expressed as an angle)( so that

Z Figure 1.5 Phasor representing V=Vsin (et +0)
the sinusoidal waveform - The angular velocity of the phasgr) is related to thefrequencyof the waveform(f)
v=Vsin (¢t +0), wherea is the by
phase shift from the standard X
waveform ¥ =2

0 PAUSEPOIN Explain the difference between a vector and a phas

Consider the different types of systems they are used to describe.

Use a diagram to explain the relationship between a phasor and the sinust
waveform it describes.

Mensuration

Itisverycommonfor anengineerto needto calculatethe surfaceareaor volume
of three-dimensional shapes (sdggurel.17); for example, to determine the
number of tiles required tamhe a swimming pool or to find the capacity of a
cylindricalstoragetank. Thereare severaimportantformulaethat canhelpyou
do this (se€Tablel.8).

r 53
~—
/
h
[T b
Y |- ~
v
Cylinder Sphere Cone

Z Figure 1.1750ome commonly encountered regular solids and their dimensions

Z Table 1.8Standard formulae for the surface area and volume of some regular solids

Regular solid Curved surface area0SA)  Total surface arealSA) Volume

Cylinder 2Urh 20rh + 20r2= r(h +r1) CPrh
Cone Url Urz+Url = Ur(r +1) iL‘Jr 2h
Sphere 40r2 0rs

Often, an apparently complex object can be broken down into a series of regular
solids.

17
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Assessment practice 1.1

1 A small boat is capable of a maximum velocity in still waterkoh htX. On a journey upriver against a current
with velodty vc km htL, the boat travels at its full speed for 2 hours and covieskm. On a journey back downriver
with the same current flow, the boat travels at full speed for 1 hour and 20 minutes and ci8lers Establish
andthen solvea pair of simultareouslinear equationsto determinethe maximumvelocity of the boat v andthe
current ve. (4 marks)

idiound Bunesuibug

2 Scrap transformers have been collected for recycling. In total, 203 transformers weigh 403.4 kg. It is found that the
transformers come itwo different types,which weighl.8kg and2.3kg, respectively. Establish and then solve a
pair of simultaneoudinear equationsto determinethe numberof eachtype of transformercollected. (4 marks)

3 The motion otwo vehicles is described by the linear equations
27=v 3t
13 =vq4t
By solving this pair of simultaneous equations determine:
a) the timet at which both vehicles will be travelling with the sam&ocity

b) the corresponding velocityat that point. (2 marks)

4 The timet (years) taken for a radioactive tepe contained in stored nuclear waste to decay to 5% of its original
quantity is given by thequation
5=100 x 22
Solve the equation to find the timie
Showevidenceof the useof the lawsof logarithmsin your answer. (2 marks)

5 Anengineerhasbeen givena drawing(seeFigurel.18) of atriangularplate with minimaldimensionaldetail.

A e 6m
20 5
C
Z Figure 1.1&ngineering drawing of a triangular plate
Calculate the lengths of the sidésB andC (4 marks)

6 Apairof dividersusedfor markingout haslegsthat
are 150mmlong,asshownin Figurel.19 Theangle
Ubetweenthe legscanbe setto amaximumof
60° by rotating the adjustment screw.

a) Use the sine rule to calculate the maximum
distance that can be sdtetweenthe points
of the dividers wherlJ= 60°.

b) Use the cosine rule to calculate the value of
angleUwhen the points of the dividers are

Z Figure 1.19A pair of dividers

set to a distance of 3&m. (4 marks)
7 The displacemend of an accelerating body with spect to timet is described by theequation
s=t?L 7t + 12
Usingfactorisation,solvethis equationto determinethe valuesof t for whichs=2. (3marks)

8 Use the formula for solving quadratic equations to determine the radafsan enclosed cylindewhich has a total
surface areaSA of 12.25 rdand a height of 1.2 mwhere

TSA= 20rh + 22 (4marks)

17






