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UNIT 1 
 

Getting to know your unit  

 
To make an effective contribution to the design and development of 

engineered products and systems, you must be able to draw on the 
principles laid down by the pioneers of engineering scien ce. The 
theories developed by the likes of Newton and Ohm are at the heart of 
ÛÏÌɯÞÖÙÒɯÊÈÙÙÐÌËɯÖÜÛɯÉàɯÛÖËÈàɀÚɯÔÜÓÛÐ-skilled engineering workforce.  

This unit covers a range of both mechanical and electrical principles and 
some of the necessary mathematics that underpins their application to 

solve a range of engineering problems. 

 

 

How you will be assessed  
This unit is externally assessed by an unseen paper-based examination. The examination is set and marked by Pearson. 

Throughout this unit you will find practice activities that will help you to prepare for the examination. At the end of the 

unit you will also find help and advice on how to prepare for and approach the examination. The examination must be 

taken under examination conditions, so it is important that you are fully prepared and familiar with the application of    

the principles covered in the unit. You will also need to learn key formulae and be confident in carrying out calculations 

accurately. A scientific calculator and knowledge of how to use it effectively will be essential. 

The examination will be two hours long and will contain a number of short- and long-answer questions. Assessment 

will focus on applying appropriate principles and techniques to solving problems. Questions may be focused on a 

particular area of study or require the combined use of principles from across the unit. An Information Booklet of 

Formulae and Constants will be available during the examination. 

This table contains the skills that the examination will be designed to assess. 
 

Assessment objectives  

AO1 Recall basic engineering principles and mathematical methods and formulae 

AO2 Perform mathematical procedures to solve engineering problems 

AO3 Demonstrate an understanding of electrical, electronic and mechanical principles to solve engineering problems 

AO4 Analyse information and systems to solve engineering problems 

AO5 Integrate and apply electrical, electronic and mechanical principles to develop an engineering solution 

This table contains the areas of essential content that learners must be familiar with prior to assessment. 
 

Essential content  

A1 Algebraic methods 

A2 Trigonometric methods 

B1 Static engineering systems 

B2 Loaded components 

C1 Dynamic engineering systems 

D1 Fluid systems 

D2 Thermodynamic systems 

E1 Static and direct current electricity 

E2 Direct current circuit theory 

E3 Direct current networks 

F1 Magnetism 

G1 Single-phase alternating current theory 
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Assessment 

This unit is externally 

assessed using an unseen 

paper-based examination 

that is marked by 

Pearson. 
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Getting started  

To get started, have a quick look through each topic in this unit 
and then in small groups discuss why you think these areas are 
considered important enough to be studied by everyone taking a 

BTEC National Engineering course. Pick one or more topics and 

discuss how they might be relevant to a produ ct, activity or industry 
you are familiar with.  

 

 
 

 A Algebraic and trigonometric mathematical methods  
 

Engineers have to be confident that the solutions they 

devise to address practical problems are based on sound 

scientific principles. In order to do this,, they often have to 

solve complex mathematical problems, so they must be 

comfortable and competent when working with algebra 

and trigonometry. 

 

A1 Algebraic methods  
Algebra allows relationships between variables to be 

expressed in mathematical shorthand notation that can be 

manipulated to solve problems. In this part of the unit, we 

will consider algebraic expressions involving indices and 

logarithms. 

Indices 

Even if you do not yet recognise the term, you will 

already be familiar with the use of indices in common 

mathematical expressions. For example: 

Ẕ о Ҏ о ƛǎ ƻǘƘŜǊǿƛǎŜ ƪƴƻǿƴ ŀǎ ΨǘƘǊŜŜ ǎǉǳŀǊŜŘΩ ƻǊ о2 in 
mathematical notation using indices. 

Ẕ р Ҏ р Ҏ р ƛǎ ƻǘƘŜǊǿƛǎŜ ƪƴƻǿƴ ŀǎ ΨŦƛǾŜ ŎǳōŜŘΩ ƻǊ р3 in 
mathematical notation using indices. 

The two parts of the notation used to describe indices are 

called the base and the index. For example: 

Ẕ In the expression 32 the base is 3 and the index is 2. 

Often in engineering mathematics we have to consider 

situations where we do not yet know values for the 

numbers involved. We use algebra to represent unknown 

numbers with letters or symbols. When applied to indices: 

Ẕ a × a = a2, where a is the base and 2 is the index. 

Ẕ b × b × b = b3, where b is the base and 3 is the index. 

Where the index is also unknown, it can be represented by 

a letter as well, for example: 

Ẕ an, where a is the base and n is the index. 

Ẕ bm, where b is the base and m is the index. 

The laws of indices 

Ẕ  When dealing with equations that contain terms 

involving indices, there is a set of basic rules that you  

can apply to simplify and help solve them. These are the 

laws of indices. They are summarised in Table 1.1. 

Ẕ Table 1.1 The laws of indices 
 

Operation Rule 

Multiplication am × an = am + n 

Division am 
= am ҍ n 

an 

Powers (am)n = am × n 

Reciprocals  1 
= aҍn 

an 

Index = 0 a0 = 1 

Index = 1 or 0.5 
2 

 
1 

a 2 = ãa 

Index = 
1
 

n 
a 

1 

= 
n 
a 

n   ã 

Index = 1 a1 = a 

 

 
 

 

Expression ς a mathematical statement such as a2 + 3 or 

3a ҍ t. Expressions can easily be recognised because they 

do not contain an equals sign. 

Base ς the term that is raised to an index, power or 

exponent. For example, in the expression 43 the base is 4. 

Index ς the term to which the base is raised. For 

example, in the expression 43 the index is 3. The index 

may also be called the power or exponent. The plural of 

ΨƛƴŘŜȄΩ ƛǎ ΨƛƴŘƛŎŜǎΩΦ 

Equation ς used to equate two expressions that have 

equal value, such as a2 + 3 = 19 or t ҍ 1 = 3a + 12. 

Equations can easily be recognised because they always 

contain an equals sign. 
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b4 
ω aҍ3(bҍ2)2a3.5 = aҍ3 + 3.5bҍ4 = a0.5bҍ4 or

 ãa 

 
or b  

= a b  ҍм    ҍм    0.5   2 ҍ1  + 0.5    ҍ1 + 2 ҍ0.5 1 = a b a b = a 
 
  

bҍ2 

a b a  ω 

= a b 1.5    2   ҍ1    ҍ1 мΦр ҍ м    н ς 1 0.5 1 = a    b  a   b  = a b 
 
  a b a  н ҍм 

 

 

ω 

You can use the laws of indices to simplify 

expressions containing indices. 

ω a2a4a0aҍ3.2 = a2 + 4 + л ҍ оΦн = a2.8 

ω (ãa)3 a ҍ1 = (a0.5)3 a ҍ1 = a 1.5 a ҍ1 = a мΦрҍм = a0.5 

 

 

 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Logarithms 

Logarithms are very closely related to indices. 

The logarithm of a number (N) is the power (x) to which a 

given base (a) must be raised to give that number. 

Ẕ   In general terms, where N = ax, then loga N = x. 

In engineering, we encounter  mainly  common 

logarithms, which use base 10, and natural logarithms, 

which use base e. 

The Euler number (e) is a mathematical constant that 

approximates to 2.718. You will come across this again later in 

the section dealing with natural exponential functions. 

Common logarithms 

Common logarithms are logarithms with base 10. 

Ẕ Where N = 10 x, then log10 N = x. 

 

Ẕ When using common logarithms, there is no need to 

include the base 10 in the notation, so where N = 10x, 
you can write simply log N = x. 

This corresponds to the log function on your calculator. 

Natural logarithms 

In a similar way, when dealing with natural logarithms 

with base e: 

Ẕ Where N = e x, then loge N = x. 

Ẕ Natural logarithms with base e are so important in 
mathematics that they have their own special notation, 
where loge N is written as ln N. So where N = e x, then 

ln N = x. 

This corresponds to the ln function on your calculator. 

 
The laws of logarithms 

There are a number of standard rules that can be used 

to simplify and solve equations involving logarithms. 

These are the laws of logarithms. They are summarised 

in Table 1.2. 

 

Ẕ Table 1.2 The laws of logarithms 
 

Operation Common logarithms Natural logarithms 

Multiplication log AB = log A + log B ln AB = ln A + ln B 

Division log 
A 

= log A ҍ log B 
B 

ln 
A 

= ln A ҍ ln B 
B 

Powers log An = n log A ln An = n ln A 

Logarithm of 0 log 0 = not defined ln 0 = not defined 

Logarithm of 1 log 1 = 0 ln 1 = 0 

 
 
 

 

 

P A U s E P O I N T  Use your calculator to practise finding the common and natural logarithms of 

a range of values. Be sure to include whole numbers and decimal fractions less 

than 1. 

What happens when you try to find the logarithm of 0 or a negative number using 

your calculator? 

From the relationship between logarithms and indices you know that if log 0 = x, 

then 0 = 10x. What value must x take if 10x = 0? 

Take a few moments tƻ ǘƘƛƴƪ ŀōƻǳǘ ǿƘȅ ƭƻƎ л ŀƴŘ ƭƻƎ ҍм ŀǊŜ ƴƻǘ ŘŜŦƛƴŜŘ ŀƴŘ ǿƛƭƭ 

produce an error on your calculator. 

Hint  
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= 3.056 (to 4 s.f.) 

2 ln
12 

+ 2 = 2 ln мΦсфрΧ Ҍ н Ґ н Ҏ лΦрнтуΧ Ҍ н 

ln t = н ƭƴ мн ҍ ƭƴ о Ҍ н Ґ мΦфртΧ 
 

You can now use the general relationship that 

where ln N = x, then N = ex. 

In this case, ln t = мΦфртΧΣ so t = eмΦфртΧ, which you can 

use your calculator to evaluate. 

t = 7.08 (to 3 s.f.) 

Always check your solution by substituting the 

unrounded value of the solution back into the 

original equation: 

ln 3t Ґ ƭƴ нмΦнорΧ Ґ оΦлрс όǘƻ п ǎΦŦΦύ 

ln 3t = 2 ln 
12 

+ 2 
 

ln 3 + ln t = 2(ln 12 ς ln t) + 2

ln 3 + ln t = 2 ln 12 ς 2 ln t + 2 

3 ln t = 2 ln 12 ς ln 3 + 2 

 
 

ln 3t = 2 ln 
12 

+ 2. 

 
x =   

log 9  +  log 14   
= ҍ0.817 (rounded 

to 3 significant figures (s.f.)) 

Always check your solution by substituting the 

unrounded value of the solution back into the 

original equation: 

log 14όм ҍ x) = log 14ώм ҍ όҍлΦумтΧύϐ = 2.08 (to 3 s.f.) 

log 9(x + 3) = log 9όҍлΦумтΧ Ҍ оύ = 2.08 (to 3 s.f.) 

2 Use the laws of logarithms to solve the equation 

1 Use the laws of logarithms to solve the equation 

log 14όм ҍ x) = log 9(x + 3). 

 

log 14όм ҍ x) = log 9(x + 3) 

όм ҍ x) log 14 = (x + 3) log 9 
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Exponential growth and decay 
Exponential functions where x and y are variables and N is  

a constant take the general form y = Nx. 

Some common systems found in engineering and in 

nature ς such as charging capacitors, radioactive decay 

and light penetration in oceans ς can be defined by 

exponential functions. 

Several important growth and decay processes in 

engineering are defined by a special type of exponential 

function that uses the Euler number (e) as its base (N). 

This is known as the natural exponential function and 

takes the basic form y = ex. 

If you plot the function y = ex as a graph (see Figure 1.1), 

then the curve it describes has two special characteristics 

that other exponential functions do not have. 

Ẕ At any point on the curve the slope or gradient of the 
graph is equal to ex. 

Ẕ At x = 0 (where the curve intersects the y-axis) the graph 
has a slope or gradient of exactly 1. 

Ẕ Figure 1.1 Graph of the natural exponential function y = e x 

Examples of engineering formulae containing natural 

exponential functions are shown in Table 1.3 for charging/ 

discharging a capacitor. 

Ẕ Table 1.3 Example engineering formulae containing natural 
exponential functions 

 

Description Formula 

Capacitor charge voltage V = V0όм ҍ Ŝҍt/RC) 

Capacitor discharge voltage V = V0 eҍt/RC 

 

 

y 
 
 

 

 

 

 

 
 

3 x 

 

Tangent ς a straight line with a slope equal to that of a 

curve at the point where they touch. 

Tabulate values of x and y. Ensure that your axes are of appropriate size and scale. 

The gradient of the tangent at any point on the curve reflects the rate of change in y 

with respect to x at that point. What happens to this rate of change as x increases? 

Hint  

 

Examine the characteristics of exponential functions by plotting a graph of y = 2x for 

values of x between 1 and 10. 
P A U s E P O I N T  
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= 0.188 s (to 3 s.f.) 

Substituting in the values gives: 

t Ґ ҍώол × 103 × 47 × 10ҍ6] ln 
3 . 5 

= ҍ1.41 × ҍлΦмооΧ 

 
 

 
 

 
 

 

Substitute the given values into the formula, 

remembering to convert all values into appropriate 

units. 

 

 

 

V = 3.5 V 

Rearranging the formula V = V0eҍt/RC to make t the 

subject: 

 

 

Substitute the given values into the formula, 

remembering to convert all values into appropriate 

units. 

 

 

 

t = 3 s 

Substituting these values into V = V0όм ҍ Ŝҍt/RC) gives 

V Ґ оόм ҍ Ŝҍ3). 

So V = 3(1 ς лΦлпфΧύ Ґ нΦур ± όǘƻ о ǎΦŦΦύ 

Ẕ A 100 µF capacitor calculate V when t = 3 s. 

When a capacitor with capacitance 

C is charged through a resistance 

R towards a final potential  V0, 

the equation giving the voltage V 

across the capacitor at any time t 

is V = V0όм ҍ eҍt/RC). 

Given the values C = 100 µF, 

 

 

 
 

 

 

 

Problems involving exponential growth and decay 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Linear equations and straight-line graphs 
In engineering, many simple systems behave in a linear 

fashion. Table 1.4 shows some examples. When plotted 

graphically, linear relationships are characterised by a 

straight line with a constant gradient. 

 

Ẕ Table 1.4 Examples of engineering formulae describing linear 
relationships 

 

Description Formula 

Standard general form y = mx + c 

hƘƳΩǎ ƭŀǿ V = IR 

Gravitational potential energy PE = mgh 

Electrical power P = IV 

Resistivity ɟ = 
RA 
l 

Linear motion v = u + at 

The gradient of the tangent at any point on the curve reflects the rate of change in 

y with respect to x at that point. Use your graph to demonstrate that for y = ex the 

tangent at any point has gradient ex. 

 

Examine the characteristics of the natural exponential function by plotting a graph 

of y = ex for values of x between 1 and 10. 
P A U s E P O I N T  

 

Ẕ A 47 µF capacitor calculate the time t at which 

V = 3.5 V. 

When a capacitor with capacitance 

C is discharged through a resistance 

R from an initial potential V0, the 

voltage V across the capacitor at  

any time t is given by the 

equation V = V0eҍt/RC. 

Given the values C = 47 µF, 
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10 

 

 

 

 

 

 

 

 

 

 
 

 

1 2 3 4 5 6 x 

 

subject of an equation ς a single term becomes the 

subject of an equation when it is isolated on one side of 

the equation with all the other terms on the other side. 

For example, in the equation y = 4x + 3, the y term is the 

subject. 

Gradient ς ŀƭǎƻ ŎŀƭƭŜŘ ΨǎƭƻǇŜΩΣ ƳŜŀǎǳǊŜǎ Ƙƻǿ ǎǘŜŜǇ ŀ 

line is. It is calculated by picking two points on the line 

and dividing the change in height by the change in 
change in y value 

horizontal distance, or 
change in x value

. 

 

Subtract 3 from both sides of the 

equation. 

Divide both sides of the equation 

by 4. 
 

x = 
9
 

Rearrange 4x + 3 = 12 to make x the subject of the 

equation. 

 

4x Ґ мн ҍ о Ґ ф 

 

sides of the equation. 

 

Divide both sides of the equation 

by 11. 
11 

b = 8  

9b + 2b Ґ мп ҍ с 

11b = 8 

Rearrange 9b Ҍ с Ґ мп ҍ нb to make b the subject of 

the equation. 
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Linear equations 

Linear equations contain unknowns that are raised to their 

first power only, such as x raised to its first power or x1 

(which is usually written simply as x). Linear equations take 

the general form y = mx + c. 

Linear equations containing a single unknown quantity can 

be solved by rearranging to make the unknown quantity   

the subject of the equation. 

 
 
 
 
 
 

 
 
 
 
 
 
 

 
If the same unknown quantity occurs more than once in a 
linear equation, then all the terms containing the unknown 
quantity need to be isolated on one side of the equation 
with all the other terms on the other side. This is called 
ΨƎŀǘƘŜǊƛƴƎ ƭƛƪŜ ǘŜǊƳǎΩΦ 

 

Ẕ  Figure 1.2 The graphical representation of a linear equation is  
a straight line 

The gradient of a linear equation can be: 

Ẕ positive ς the y values increase linearly as the x values 
increase (the line slopes up from left to right) 

Ẕ negative ς the y values decrease linearly as the x values 
increase (the line slopes down from left to right) 

Ẕ zero ς the y values stay the same as the x values increase 
(the line is parallel to the x-axis). 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

straight-line graphs 

Graphs in mathematics usually use a horizontal x-axis and  

a vertical y-axis (known as Cartesian axes). 

A linear equation with two unknowns can be represented 

graphically by a straight line as shown in Figure 1.2. 

In the general formula used to describe a linear equation,   

y = mx + c, m is the gradient of the line and c is the value of 

y where the line intercepts the y-axis (when x = 0). 

solving pairs of  simultaneous  linear  equations 

Sometimes in engineering it is necessary to solve systems 

that involve pairs of independent equations that share two 

unknown quantities. There are several examples of this in 

the assessment activity practice questions at the end of  

this section. 

When you solve simultaneous equations, you are 

determining values for the unknowns that satisfy both 

equations. This is easiest to see by considering two 

independent linear equations in x and y that are plotted 

graphically on the same axes (see Figure 1.3). The only 

position where the same values of x and y satisfy both 

equations is where the lines intersect. You can read these 

values from the x-axis and the y-axis. In this example, the 
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solution is x = 2 and y = 4. 
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Now substitute x = 2 into equation (1) in order to 

find y: y = 2 + 2 = 4. 

To check your solution, substitute x = 2 into 

equation (2) and see if you get the same value for y: 

 

y = 4 

 

Multiply out the brackets. 

Collect like terms. 

 

2x + x = 10 ς 4 

3x = 6 

x = 2 

Solve this pair of simultaneous equations: 

y = x + 2 (1) 

2y = ҍx + 10 (2) 

 

Substitute equation (1) into equation (2) to get 

2(x Ҍ нύ Ґ ҍx + 10. 

 

Solve the same pair of simultaneous equations as 

before: 

y = x + 2 (1) 

2y = ҍx + 10 (2) 
 

 

Multiply equation (1) by 2 so that the y terms in 

both equations become the same: 

2y = 2x + 4 (3) 

Subtract equation (2) from equation (3) to eliminate 

the identical terms in y: 

(2x + 4) ҍ όҍx + 10) = 0 

3x ς 6 = 0 

3x = 6 

x = 2 

As before, substitute x = 2 into equation (1) to find 

y = 4, and then check your solution in equation (2). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ẕ  Figure 1.3 The solution of the simultaneous linear equations   y 

= x + 2 and 2y Ґ ҍx + 10 is given by the intersection point of the 

two lines 
 

Of course you could always plot graphs of the linear 

equations when solving simultaneous equations, but this 

is a time-consuming approach and less accurate than the 

alternative algebraic methods. 

The two main algebraic methods ς substitution and 

elimination ς are best explained by working through 

examples. 

 
 
 
 
 
 
 
 
 
 
 
 

Coordinates on Cartesian grid 

Any point on a plotted linear equation can be expressed 

by its coordinates (x, y). 

In the example shown in Figure 1.3, the two lines cross at 

the point where x = 2 and y = 4. Its coordinates are (2, 4). 

Any point on the x-axis has a y-coordinate of zero. For 

example, the point (4, 0) lies on the x-axis. 

Similarly, any point on the y-axis has an x-coordinate of 

zero, so the point (0, 4) lies on the y-axis. 

The point (0, 0), where both x- and y-coordinates are zero, 

is called the origin and is represented by ΨOΩΦ 

 

Quadratic equations 

Quadratic equations contain unknowns that are raised to 

their second power, such as x2. They take the general 

form y = ax2 + bx + c. In this equation x and y are unknown 

variables, and coefficients a, b and c are constants that will 

be discussed later. 

A quadratic equation with two unknowns can be 

represented graphically by a curve. An example is shown 

in Figure 1.4. 

y 
10 
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Ẕ Figure 1.4 Graph of the quadratic equation y = x2 + 2x ς 3 

 
You will often have to solve quadratic equations in 

engineering problems. This can be done by arranging the 

equation in the general form for quadratics and finding the 

two values of x for which y = 0. These are called the roots  

of the equation and are shown on the graph as the points 

where the line intersects the x-axis. 

Two algebraic methods of solving quadratic equations 

are factorisation and using the quadratic formula. 

Before you consider factorising, it is a good idea to remind 

yourself how to multiply an expression by a number or by   a 

symbol or more complicated expression. 

 

 

Factorisation 

You can think of factorisation as the opposite of 

multiplying out, although it is generally somewhat more 

difficult. Factorising can be done in several ways, using 

some or all of the following techniques. 

Ẕ Extracting common factors 
Common factors are terms by which some or all parts    

of an expression can be divided. These can be extracted 

as follows: 

ω ax + ay = a(x + y) where a is the common factor 

ω 2x + 4y = 2(x + 2y) where 2 is the common factor 

ω a(x + 2) + b(x + 2) = (x + 2)(a + b) where (x + 2) is the 

common factor. 

Ẕ Grouping 
When two variables x and y are present in the same 

expression, they must be grouped together before 

factorising. For example: 

32x2 + 18y3 + 8x + 9y2 = 18y3 + 9y2 + 32x2 + 8x 

= 9y2(2y + 1) + 8x(4x + 1) 

Sometimes this might mean that you have to multiply 

out the expression first. For example: 

4(2y2  ҍ x2) + y(y2  + 7) = 8y2  ҍ 4x2  + y3  + 7y 

= y3  + 8y2  + 7y ҍ 4x2 

= y(y2  + 8y Ҍ тύ ҍ 4x2 

Tabulate values of x and y for each equation. Ensure that the scales of your axes are 

appropriate. 

Compare and evaluate the use of graphical and analytical methods in solving 

simultaneous equations. Are there any situations where a graphical approach might 

be preferred? 

Hint  

 
 

Show the efficiency of using an analytical approach by solving the simultaneous 

equations in the above worked examples with the graphical method. 
P A U s E P O I N T  

 

  
5x 

 
 

 
ω5 ҍ н  = ҍ 10. 

Multiply each term of the expression by the 

number: 

ω 4(3x ҍ 2) = 12x ҍ 8 

 

Multiply out the brackets term by term, then collect 

like terms: 

ω 2x(3x ҍ 2) = 6x2 ҍ 4x 

ω (x + 1)(x ҍ 2) = x2 ҍ 2x + x ҍ 2 = x2 ҍ x ҍ 2 

ω (x + 2)(3x ҍ 2) = 3x2 ҍ 2x + 6x ҍ 4 = 3x2 + 4x ҍ 4. 
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The second example can be factorised further by using the 

methods for factorising quadratics described in the next 

section. 

 
solving quadratic equations using factorisation 

Let us take an example of a quadratic equation that you 

might need to solve as part of an engineering problem: 

3x + 8 = 5x + x2 

Ẕ First, rearrange the equation (if necessary) to make one 
side of the equation zero. 

0 = 5x + x2  ς 3x ς 8 Move all the terms to one side of 

the equation. 

0 = x2  + 2x ҍ 8 Arrange into the standard form 

for quadratic equations. 

Ẕ The next step is to factorise the right-hand side of this 
equation. 

 

 

 
To do this, you need to find two expressions that when 

multiplied together give x2 + 2x ҍ 8. This looks difficult, but 

there are a few general guidelines that will help: 

Ẕ If the coefficient of the x2 term (a) is 1, then the 
coefficient of each of the x terms in the factors will also 
be 1. 

Ẕ   When the number terms in the two factors are 
multiplied together, the product must equal the number 
term (c) in the quadratic expression. 

Ẕ If the coefficient of the x2 term (a) is 1, then the 

coefficient of the x term (b) in the quadratic expression 
is equal to the sum of the number terms in the two 

factors. 

Applying these guidelines to x2 + 2x ҍ 8, you know that: 

Ẕ   the coefficients of the x terms in the factors will be 1 

Ẕ the product of the number terms in the factors will be 
ҍ8 

Ẕ the sum of the number terms in the factors will be 2. 

 
Finding the terms to put in the brackets is then often a 

case of trying different values until you identify those that 

meet the required criteria: 

x2 + 2x ҍ 8 = (x ҍ 2)(x + 4) 

Ẕ Equate each of the factors to zero to obtain the roots of 
the equation. 

(x ҍ 2) = 0, so x = 2 

(x + 4) = 0, so x Ґ ҍп 

Ẕ Check that each root satisfies the original equation by 
substitution. 

3x + 8 = 5x + x2 

When x = ҍпΥ ҍмн Ҍ у Ґ ҍнл Ҍ мс 

or ҍп Ґ ҍ4 

When x = 2: 6 + 8 = 10 + 4 

or 14  = 14 

Ẕ Check to ensure that each solution is reasonable in the 
context of the question and clearly state the solution. 

There are two values of x for which the quadratic equation 

3x + 8 = 5x + x2 is true. These are x = 2 and x Ґ ҍпΦ 

See the worked example on page 11. 

Some examples of engineering formulae describing 

quadratic relationships are given in Table 1.5. 

Ẕ Table 1.5 Examples of engineering formulae describing 
quadratic relationships 

 

Description Formula 

Standard general form ax2 + bx + c = 0 

Displacement s = ut + 1at2 
2 

Total surface area of a cylinder A = 2Ùr2 + 2Ùrh 

 
solving quadratic equations using the quadratic 

formula 

Sometimes it is difficult to use factorisation to find the 

roots of a quadratic equation. In such cases, you can use 

an alternative method. 

The formula for the roots of a quadratic equation arranged 

in the standard form is: 
 

 

x = 
ҍ b ± ãb2 ҍ 4ac 

2a 

 

Coefficient ς a number or symbol that multiplies a 

variable. For example, in the expression 3x, 3 is the 

coefficient of the variable x. 
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Worked Example 

A train runs along a level track with a velocity of 5 m sҍ1. 

The driver presses the accelerator, causing the train to 

increase speed by 2 m sҍ2. The motion of the 

train is defined by the equation s = ut + 1 at2 

where: s is displacement (the distance travelled) (m) 

u is initial velocity (m sҍ1) 

t is time (s) 

a is acceleration (m sҍ2). 

Calculate the time the train takes to travel a distance 

of 6 m. 

 
 

 
 

solution 
Ẕ Train running along a track 

Rearrange the equation into the general form for a quadratic, making one side equal to zero: 
1at2 + ut ҍ s = 0 

Substitute the values u = 5, s = 6 and a = 2 into the equation: 
1(2)t2  + 5t ҍ 6 = 0 

t2  + 5t ҍ 6 = 0 

The left-hand side can be factorised by inspection to give (t + 6)(t ҍ 1) = 0. 

This equation is true when either of the factors is equal to zero, so t Ґ ҍс ƻǊ t = 1. 

It is important to check these solutions by substituting back into the original quadratic equation given in the 

question: s = ut + 1at2 = 5t + t2. 

You will find that when t = 1, s = 6 and when t Ґ ҍсΣ s = 6. 

This confirms that the solutions determined by finding the roots of the quadratic equation are mathematically 

correct, because they both give the distance required in the question. 

However, you must now consider whether both solutions actually fit the practical situation in the real world.  

In this case t Ґ ҍс ŘƻŜǎƴΩǘ ƳŀƪŜ ǎŜƴǎŜ as a solution, because it  

would mean that the train reached the required distance 

6 seconds before it started accelerating. 

The roots can be seen more clearly when illustrated graphically, 

as in Figure 1.5. 

Finally, you should clearly state the solution to the problem: 

The time taken for the train to travel a distance of 6 m is 1 s. 

y 
70 

60 

50 
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30 

20 

10 

21028 26 24 22O 
210 

220 

 
 
 
 
 
 
 
 

 
2 4 6 

 
 
 
 
 
 
 

8 10 x 

 

Ẕ Figure 1.5 Graph showing roots of the quadratic 
expression t2 + 5t ҍ 6 at t Ґ ҍс ŀƴŘ t = 1 
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Worked Example 

A ball is thrown vertically upwards with an initial velocity of 16 m sҍ1. The height reached by the ball is given by the 

equation h = ut ҍ 1gt2 

where: h is the vertical height (m) 

u is the initial vertical velocity (m sҍ1) 

t is time (s) 

g is the gravitational field strength (9.81 m sҍ2) 

Calculate the values of t at which the height of the ball is 6 m above the point where it was released. 

solution 

Rearrange the equation into the general form for a quadratic equation, making one side equal to zero: 
1gt2 ҍ ut + h = 0 

Substitute the values u = 16, h = 6 and g = 9.81 into the equation: 
1  × 9.81t2  ҍ 16t + 6 = 0 

4.905t2  ҍ 16t + 6 = 0 

It would be really difficult to find the roots of this equation by factorisation, so use the 

general formula for solving quadratics: x = 
ҍ b ± ãb2 ҍ 4ac 

. 
2a 

By comparing the formula with the standard form ax2 + bx + c, you can see that 

a = 4.905, b Ґ ҍмсΣ c = 6 

So t = 
ҍ (ҍ16) ± ã(ҍ16)2 ҍ (4 × 4 . 905 × 6) 

2 × 4 . 905 

= 
16 ± ãнрс ҍ ммт Φ тн 

9 . 81 

= 16 ± 11 . 76 

9 . 81 

= 0.432 or 2.83 

It is important to check these solutions by substituting back into the original quadratic equation given in the 

question: h = ut ҍ 1gt2 = 16t ς 4.905t2. 

You will find that when t Ґ лΦпонΧΣ h = 6 and when t Ґ нΦуоΧΣ h = 6. Be careful to use the unrounded values when you 

do the checks. 

This confirms that the solutions determined by finding the roots of 

the quadratic equation are correct because they both give the 

required height stated in the question. 

The next thing to do is consider whether these solutions actually 

fit the practical situation for which they were generated. In this case, it 

makes sense that as the ball moves up it will pass the height of 6 m. 

Gravity will slow this ascent until the ball actually stops momentarily 

before it falls back towards the ground. On its way down it will 

pass the height of 6 m once again. 

This can be seen more clearly when illustrated graphically, as in 

Figure 1.6. 

Finally, you should clearly state the solution to the problem: 

h 

 

15 

 
 
 
 
 
 
 

O t 5 0.432 t 5 2.83 

 
 
 
 
 

 
h 5 6 

 
 

 
4 t 

The values of t at which the height of the ball is 6 m above the 

point where it was released are 0.432 s and 2.83 s. 
Ẕ Figure 1.6 Graph of h = 16t ς 4.905t2, 

showing when it reaches the height of 6 m 
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circle. A complete circle contains  360°. 

Radian (symbol: rad or c) ς one radian is the angle 

subtended at the centre of a circle by two radii of  

length r that describe an arc of the same length r on the 

circumference. A complete circle contains 2Ù rad. 

subtend ς to form an angle between two lines at the 

point where they meet. 

Degree (symbol: °) ς one degree is 1 th of a complete 
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A2 Trigonometric methods  

Angular measurement 

You are already familiar with angular measurements made 

in degrees. In practical terms, this is the most common   

way to define an angle on an engineering drawing that a 

technician might use when manufacturing a component in 

the workshop. 

However, there is another unit of angular measurement, 

called the radian, which is used extensively in engineering 

calculations. 

Ẕ Table 1.6 General formulae for circular measurements (see 
Figure 1.7) 

 

Arc length = rɗ 

Circumference of a circle = r(2Ù) = 2Ùr 

Area of a sector = 1 r 2ɗ 
2 

Area of a full circle = 1 r 2(2Ù) = Ùr 2 
2 

 
 

r arc length 

 ̒
r 

sector of 
a circle 

Ẕ Figure 1.7 Arc length and sector of a circle 
 

Triangular measurement 

In right-angled triangles we name the three sides in 

relation to the right angle and one of the other two angles, 

ɗ (see Figure 1.8). 

 
Opp 

 

Circular measurement 

One revolution of a full circle contains 360° or 2Ù radians. 

It is reasonably straightforward to convert angles stated in 

degrees to radians and vice versa. 

Given that 2Ù radians = 360° 

1 radian = 
360 ° 

å 57.3° (to 3 s.f.) 

 

Adj 

Ẕ Figure 1.8 Trigonometric naming conventions for a right- 
angled triangle 

Ẕ The side opposite the right angle is the hypotenuse 
(hyp). 

Ẕ The side next to the angle ɗ is the adjacent (adj) side. 

Ẕ The side opposite the angle ɗ is the opposite (opp) side. 
The ratios of the lengths of these sides are given specific 

and 1° =
 2Ù

 
360 
å 0.0175 rad (to 3 s.f.) names and are widely used in engineering (see Figures 1.9ς

1.11): 

The use of radians makes it straightforward to calculate 

some basic elements of circles with the general formulae 

shown in Table 1.6, where the angle ɗ is measured in 

radians. 

Ẕ sine (sin), where 

opp 
sin = 

hyp
 

Consider how else you might solve problems that involve quadratic equations. 

Suppose that you want to solve the quadratic equation y = x2 + 4x + 6 to find values 

of x when y = 1. This would mean finding the roots of the quadratic expression 

x2 + 4x + 5. Can you solve this? Draw a graph of the function y = x2 + 4x + 5 to help 

explain why not. 

Hint  

 

Discuss with a colleague or as a group why methods of finding the roots of quadratic 

equations are important and useful mathematical tools for engineers. 
P A U s E P O I N T  

 
Hyp 
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ɗ 

ɗ 

cos ɗ 

 

 
 

 
 

Ẕ cosine (cos), where 

adj 
cos    = 

hyp
 

Ẕ tangent (tan), where 

opp 
tan    =   

adj
 

From these definitions it can also be deduced that 

tan ɗ = sin ɗ 

Graphs of the trigonometric functions 

y 
1.0 

0.5 

0 

20.5 

21.0 
 

Ẕ Figure 1.9 Graph of y = sin ɗ 

y 
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0 

20.5 

21.0 

Ẕ Figure 1.10 Graph of y = cos ɗ 
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When plotted graphically, both the sine and the cosine 

functions generate periodic waveforms. Both functions 

vary between a maximum of 1 and a minimum of ҍ1 and 

so are said to have an amplitude  of 1.  Both functions  

have a period of 360° or 2Ù radians, after which the cycle 

repeats. 

The tangent function does not generate a smooth 

waveform, although the graph is still periodic with a period 

of 180° or Ù radians. 

Some values for the trigonometric ratios are given in 

Table 1.7. 

 
Ẕ Table 1.7 Values of the trigonometric ratios for angles 

between 0° and 360° 
 

ɗ ° ɗ rad sin ɗ cos ɗ tan ɗ 

0 0 0 1 0 

30 0.52 0.50 0.87 0.58 

60 1.05 0.87 0.50 1.73 

90 1.57 1.00 0 ±қ 

120 2.09 0.87 ҍ0.50 ҍ1.73 

150 2.62 0.50 ҍ0.87 ҍ0.58 

180 Ù 0 ҍ1.00 0 

210 3.67 ҍ0.50 ҍ0.87 0.58 

240 4.19 ҍ0.87 ҍ0.50 1.73 

270 4.71 ҍ1.00 0 ±қ 

300 5.24 ҍ0.87 0.50 ҍ1.73 

330 5.76 ҍ0.50 0.87 ҍ0.58 

360 2Ù 0 1.00 0 

 
sine and cosine rules 

The basic definitions of the trigonometric functions sine, 

cosine and tangent only apply to right-angled triangles. 

However, the sine and cosine rules can be applied to any 

triangle of the form shown in Figure 1.12. 

Ẕ The sine rule: 
   a = b = c  

Ẕ Figure 1.11 Graph of y = tan ɗ 
sin A sin B sin C 

 

 
 
 

90° 180° 270° 360° x 

 

 
 
 

 
90° 180° 270° 360° x 

 



UNIT 1 Learning  aim  A 

15 

 

 

 

Look for the set-up screen on your calculator and select Rad. You will find that the D 

(for degrees) usually displayed at the top of the screen changes to R (for radians). 

Before carrying out any work involving trigonometry, you should check that you are 

using the appropriate setting on your calculator. Use some simple examples to show 

what might happen if you get it wrong. 

Hint  

 
 

Check that you can set up and use a scientific calculator in both degree and radian 

modes. 
P A U s E P O I N T  
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A C 

b 

Ẕ Figure 1.12 Naming conventions when applying the sine rule and the cosine rule 

Ẕ The cosine rule can take three different forms depending on the missing value to be 
determined: 

a2 = b2 + c2 ҍ 2bc cos A 

b2 = a2 + c2 ς 2ac cos B 

c2 = a2 + b2 ς 2ab cos C 
 

Vectors and their applications 

Many quantities encountered in engineering, such as force and velocity, are only fully 

described when magnitude, direction and sense are known (see Figure 1.13). Such 

quantities are called vectors. When adding or subtracting vectors you must always  

take into account the direction in which they act. 

Diagrammatic representation of vectors 

Ẕ The length of the arrow represents the magnitude of the vector. 

Ẕ The angle ɗ specifies the direction of the vector. 

Ẕ The head of the arrow specifies the positive sense of the vector. 

Vector addition 

To find the sum (or resultant) of two vectors v1 and v2, you can represent the situation 

graphically by drawing a vector diagram. In Figure 1.14 the two vectors are drawn 

to scale, forming a triangle or parallelogram from which the characteristics of the 

resultant vector (vT) can be measured. 

Phasors 

Phasors are rotating vectors that are useful in analysing sinusoidal (sine-shaped) 

waveforms. Figure 1.15 shows the relationship between a phasor and the sine wave it 

 
 

 
Ẕ Figure 1.13 A vector has 

magnitude, direction and sense 

 

 

a) 

v1 
vT 

 
v2 

represents. 

Vector rotation 
˖ ǊŀŘǎ21 

90° 

 
 

1Am 

  v2  
b) 

v1 
vT 

 
 

 
180° 

A 30° 

t̟ 0° 

 
 
 

   30° 
t̟ 

 
 
 

90° 

A(t) 5 Am ǎƛƴό˖t 1 ū) 

 
180° 

° 

 
 

360° 

 

Ẕ Figure 1.14 Vector addition 

can be done using a) the 

parallelogram rule or b) the 

triangle rule 

 

270° 

Rotating phasor 

2Am 

Sinusoidal waveform in the time domain 

Ẕ Figure 1.15 How the rotating phasor relates to the sinusoidal waveform 

 

When using phasors in the analysis of alternating current, the length of the phasor 

 

 

 

270 360° 
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represents the peak voltage (V) or amplitude of the sinusoidal waveform, and the 

phasor rotates about a point of origin with an angular velocity of ɤ.  
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Ẕ Figure 1.16 Phasor representing 
the sinusoidal waveform 

v = V sin (ɤt + ū), where ū is the 

phase shift from the standard 

waveform 

At any fixed instant in time (t), the phasor will have a phase angle (ɗ) and its vertical 

component will be equal to the instantaneous voltage (v) on the corresponding sine 

wave. 

So the instantaneous voltage (v) at any point on the waveform is 

v = V sin ɗ 

In terms of angular velocity, this gives 

v = V sin(ɤt) 

This relationship is true when the waveform begins its cycle when t = 0. However, it is 

common to have a waveform that is said to lead or lag the standard waveform. This 

phase difference (see Figure 1.16) is expressed as an angle (ū), so that 

v = V sin (ɤt + ū) 

The angular velocity of the phasor (ɤ) is related to the frequency of the waveform (f) 

by 

ɤ = 2Ùf 

 

 
 

Mensuration 

It is very common for an engineer to need to calculate the surface area or volume 

of three-dimensional shapes (see Figure 1.17); for example, to determine the 

number of tiles required to line a swimming pool or to find the capacity of a 

cylindrical storage tank. There are several important formulae that can help you 

do this (see Table 1.8). 

r 

Cylinder Sphere Cone 

Ẕ Figure 1.17 Some commonly encountered regular solids and their dimensions 

Ẕ Table 1.8 Standard formulae for the surface area and volume of some regular solids 
 

Regular solid Curved surface area (CSA) Total surface area (TSA) Volume 

Cylinder 2Ùrh 2Ùrh + 2Ùr2 = 2Ùr(h + r) Ù2rh 

Cone Ùrl Ùr2 + Ùrl = Ùr(r + l) 1Ùr 2h 
3 

Sphere 4Ùr2 
  4Ùr3 

3 

Often, an apparently complex object can be broken down into a series of regular 

solids. 

Consider the different types of systems they are used to describe. 

Use a diagram to explain the relationship between a phasor and the sinusoidal 

waveform it describes. 

Hint  

 

Explain the difference between a vector and a phasor. P A U s E P O I N T  
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Assessment practice 1.1  

1 A small boat is capable of a maximum velocity in still water of v km hҍ1.  On a journey upriver against a current     

with velocity vc km hҍ1, the boat travels at its full speed for 2 hours and covers 16 km. On a journey back downriver 

with the same current flow, the boat travels at full speed for 1 hour and 20 minutes and covers 18 km. Establish   

and then solve a pair of simultaneous linear equations to determine the maximum velocity of the boat v and the 

current vc. (4 marks) 

2 Scrap transformers have been collected for recycling. In total, 203 transformers weigh 403.4 kg. It is found that the 

transformers come in two different types, which weigh 1.8 kg and 2.3 kg, respectively. Establish and then solve a   

pair of simultaneous linear equations to determine the number of each type of transformer collected. (4 marks) 

3 The motion of two vehicles is described by the linear equations 

27 = v ς 3t 

13 = v ς 4t 

By solving this pair of simultaneous equations determine: 

a) the time t at which both vehicles will be travelling with the same velocity 

b) the corresponding velocity v at  that point. (2 marks) 

4 The time t (years) taken for a radioactive isotope contained in stored nuclear waste to decay to 5% of its original 

quantity is given by the equation 

5 = 100 × 2 1622 

Solve the equation to find the time t. 

Show evidence of the use of the laws of logarithms in your answer. (2 marks) 

5 An engineer has been given a drawing (see Figure 1.18) of a triangular plate with minimal dimensional detail. 
 

A B 6 m 

20° 50°    

C 

Ẕ Figure 1.18 Engineering drawing of a triangular plate 

Calculate the lengths of the sides A, B  and C. (4 marks) 

6 A pair of dividers used for marking out has legs that 

are 150 mm long, as shown in Figure 1.19. The angle 

Ŭ between the legs can be set to a maximum of 

60° by rotating the adjustment screw. 

a) Use the sine rule to calculate the maximum 

distance that can be set between the points 

of the dividers when Ŭ = 60°. 

b) Use the cosine rule to calculate the value of 

angle Ŭ when the points of the dividers are 

set to a distance of 38 mm. 

150 mm a 

 

 

 

Ẕ Figure 1.19 A pair of dividers 

 
 
 
 

 
(4 marks) 

7 The displacement s of an accelerating body with respect to time t is described by the equation 

s = t2 ҍ 7t + 12 

Using factorisation, solve this equation to determine the values of t for which s = 2. (3 marks) 

8 Use the formula for solving quadratic equations to determine the radius r of an enclosed cylinder which has a total 

surface area (TSA) of 12.25 m2 and a height h of 1.2 m, where 

TSA = 2Ùrh + 2Ùr2 (4 marks) 




